The extended phase space thermodynamics and heat engines for static spherically symmetric black hole solutions of four dimensional conformal gravity are studied in detail. It is argued that the equation of states (EOS) for such black holes is always branched, any continuous thermodynamical process cannot drive the system from one branch of the EOS into another branch. Meanwhile, the thermodynamical volume is bounded from above, making the black holes always super-entropic in one branch and may also be super-entropic in another branch in certain range of the temperature. The Carnot and Stirling heat engines associated to such black holes are shown to be distinct from each other. For rectangular heat engines, the efficiency always approaches zero when the rectangle becomes extremely narrow, and given the highest and lowest working temperatures fixed, there is always a maximum for the efficiency of such engines.
Introduction
Among various higher curvature gravity models in four dimensions, conformal gravity defined by the action
where α is a parameter with dimension [length] 2 (and will be set equal to 1 which effectively fixes the unit system to be used in this paper), is the single distinguished model which exhibits conformal invariance and various other exotic features. The model is often described as one that is only sensitive to angles but not to distances due to the conformal invariance. However, since the conformal symmetry is only the symmetry of the action but not of the metric tensor, and in particular, conformal transformations may change the conformal infinities and thus the global structure of the spacetime, the "insensitive to distance" claim is actually not sounded. Moreover, the model contains ghost degrees of freedom in its perturbative mass spectrum, making it a little difficult to be accepted as a realistic theory of gravitation.
Things get changed after Maldacena discovered [1] that the on-shell action of conformal gravity in AdS background can be made equal to that of Einstein gravity, provided one takes the Neumann boundary condition. This fact, together with the features that conformal gravity is power counting renormalizable and that it can fit the galaxy rotation curve well without the introduction of dark matter [2] [3] [4] [5] , make conformal gravity a very attractive alternative model of gravity in four dimensions.
Because of the conformal symmetry of its action, conformal gravity allows much more solutions than Einstein gravity. For instance, the Weyl rescaling of a static spherically symmetric solution with the Weyl factor depending only on the radial coordinate remains a static spherically symmetric solution, thus the Birkhoff theorem can only restrict the static spherically symmetric solutions to a conformal class. It was proven in [6] that any static spherically symmetric solution of conformal gravity is a member in the conformal class of the following metric,
where dΩ 2 is the line element of a 2-dimensional sphere and
There are four different integration constant c 0 , c 1 , d, Λ in the metric, which obey a single algebraic constraint
As long as c 1 = 0, (2) will not be a solution of Einstein gravity. On the other hand, when c 1 = 0, the metric (2) becomes identical to the Schwarzschild-(A)dS solution of Einstein gravity. In this case, Λ plays the role of a cosmological constant, but it arises purely as an integration constant and is not put in by hand.
In this paper, we will be concentrated in some other exotic aspects of conformal gravity associated with the solution (2) . We will restrict ourselves to two particular aspects, i.e. the extended phase space thermodynamics and the heat engines. Extended phase space thermodynamics for black holes is an active area of study in these days. Basically the idea is to include more extensive variables such as the cosmological constant (which is identified as an effective pressure) and take the black hole mass as enthalpy rather than internal energy [7, 8] . For most familiar black hole solutions, various types of phase transitions have been found , but that associated with the black hole solution (2) of conformal gravity looks most exotic, in the sense that only phase transitions of the zeroth order are present [32] . In this paper, we will see that there is an extra level of exoticness in the extended phase space thermodynamics associated with the solution (2) . First, the equation of states (EOS) is always branched, and one can take only one branch at a time. Second, the thermodynamical volume that is conjugate to the effective pressure (let us consider the case Λ < 0)
is bounded from above. As a consequence, the black hole is always super-entropic in one branch and can again be super-entropic in the other branch of the EOS.
Heat engine that takes black hole as working media is also an interesting subject of study. With both pressure and volume being dynamical, one may extract mechanical work by using P dV term. A heat engine is defined by a closed cycle in the P − V plane [33] , just like in classical thermodynamics of ordinary matter. One can extract mechanical work through this cycle. Denoting the input and output heat flows as Q H and Q C respectively, the work done in one cycle will be W = Q H −Q C , which is exactly the area of the cycle in the P − V plane. The efficiency of the heat engine is defined as η = W Q H . This heat engine has been constructed in RN AdS black holes [33] , Gauss Bonnet AdS black holes [34] , Born-Infeld AdS black holes [35] , STU black holes [36] and Horava-Lifshitz black holes [37] . Since the extended phase space thermodynamics of conformal gravity looks different from other static black holes, it is natural to consider the heat engine construction in its P − V plane.
If we begin with a pair of isotherms with temperature T H and T C to build a heat engine, we have many ways to connect them. There are two kinds of simple choices. The first one is using adiabatic paths. Since there is no heat flow along the adiabatic paths, the heat engine is reversible. This is Carnot engine. It possesses the maximal efficiency 1 −
. The other one is using isochoric paths, which is Stirling engine. For usual static black hole solutions such as the RN AdS black hole [33] , the entropy S and thermodynamical volume V are both monotonic functions of the horizon radius and are not independent. The heat capacity C V = T ( ∂S ∂T ) V = 0, which means adiabatic and isochoric paths coincide. The Carnot engine and Stirling engine are identical. We will show that this is not the case for static black holes in conformal gravity, where the thermodynamical volume and entropy are indeed independent. It would be interesting to investigate the difference between Carnot engine and Stirling engine in conformal gravity.
Another interesting type of cycle is the rectangular cycle which consists of two isobars and two isochors. In [38] Clifford Johnson stated that cycles of arbitrary shape can be built by using infinite number of small rectangular cycles, and a triangular cycle is constructed as an example. In another recent paper [39] , the authors initiated a benchmarking scheme that allows for cross-comparison of efficiency of different black hole heat engines by using a circular cycle. In this paper we will also study the rectangular heat engine associated with the static solution (2) of conformal gravity and consider the variation of the efficiencies for the heat engines working between two fixed highest and lowest temperatures.
Black hole thermodynamics in conformal gravity revisited
The original study of black hole thermodynamics in conformal gravity can be found in [40] , and the extended phase space description as well as the corresponding critical behavior were studied in detail in [32] . Before rushing into the extended phase space thermodynamics, let us point out a big difference between the study to be made below and that in [32] , namely we will be using the thermodynamical volume V , rather than the black hole radius r 0 , as a dimension in the thermodynamical phase space. This different choice of state parameter is required, because we will need such a description in order to construct the associated heat engines.
Besides the effective pressure (5), let us present the other necessary thermodynamical quantities, quoted from [40] : the conserved charge associated with the timelike Killing vector is identified as the enthalpy H,
The temperature is identified with the surface gravity at the horizon with radius r 0 ,
where r 0 is the largest root of f (r) = 0, and its conjugate, i.e. the entropy, is
We will not set the parameter Ξ ≡ c 1 to zero, because this object can be interpreted as a massive spin-2 hair [40] and it will be preferrable to keep it nonzero. Then, the thermodynamical conjugate of Ξ is given by
And finally, the thermodynamic volume reads
Although the case with c 1 = 0 is not a solution of Einstein gravity, it is still instructive to make a comparison to the familiar AdS black hole solution of Einstein gravity by taking the limit c 1 → 0. Then it is clear that the parameter d (which has to be negative) must somehow be related to the black hole mass, and c 0 should be of topological nature (which can take only three discrete values 0, ±1 in Einstein gravity).
Restoring the parameter c 1 the constraint (4) can be solved by taking
Now c 0 can take continuous values, but its signature can never be changed by continuously varying the dependent parameters c 1 and d. Consequently, when considering the extended phase space thermodynamics, the signature of c 0 must be pre-assigned, and any process which changes the signature of c 0 is thermodynamically prohibited.
With the above thermodynamical variables, we can now describe the first law of black hole thermodynamics,
The scaling dimensions of the above thermodynamical parameters/functions can be easily determined, yielding
−2 . The Smarr formula then follows from the homogeneity of H [40] ,
Notice that here the parameter α in the gravitational action has been set equal to 1 for fixing the unit system. Since α does not change the equations of motion, the metric (2) is independent of it. However, some thermodynamical quantities, such as enthalpy H and black hole entropy S, should include contributions from the action. In fact, both H and S are proportional to α(H → αH, S → αS) [40] . Since P and Ξ remain unchanged, we know the Ψ and V are also proportional to α from (9) and (10). Fortunately, this will not change the Smarr formula (13) . See [41] for more discussion about the Smarr formula.
For the purpose of studying heat engines in conformal gravity, we need to begin with the EOS on the P − V plane, fixing the other extensive parameter Ξ. In this paper, we will restrict ourselves to the particular choice Ξ = 1. The EOS arises from the expression (7) for the temperature T . Using the condition f (r 0 ) = 0 we can get
Inserting (14) into eq. (7) we have
In the above two equations, c 0 is dependent on d via eq. (11) and d = −3V /2, thanks to eq.(10). So, it remains to eliminate r 0 using (14) and substitute the result in (15) to get the final EOS. However, since eq. (14) is cubic in r 0 for which the solution is quite complicated, it is preferable not to solve r 0 explicitly. Instead, we take r 0 as an intermediate parameter and present the EOS as a pair of parametric equations.
Depending on the sign of c 0 , the parametric EOS takes different forms, so it is necessary to present them differently.
1) The case of c 0 < 0 In this case (14) becomes
Solving eq. (15) and (16) and making use of (10), we get two solutions for P (T, r 0 ) and V (T, r 0 ). One of them reads
in which r 0 takes value in the range 2 1+4πT
, and the other branch reads
in which
. The upper and lower bounds for the parameter r 0 are determined by the requirement that P and V should be both real and positive.
Note that the two solutions (17) and (18) correspond to the same c 0 and meanwhile, they actually join together in a smooth way along any isotherm. The necessity of subdividing the isotherm into the above two segments is just because the parametric equations (17) and (18) may yield different values of P and V for the same r 0 . Nevertheless, let us keep in mind that in an isothermal process, the system may pass smoothly from the EOS (17) to (18) or vice versa.
2) The case of c 0 > 0 In this case the (14) becomes
Solving eq. (15) and (19) we obtain only one branch of solution (17), (18) and (20) . The blue lines, red dotted lines and green lines correspond to (17) , (18) and (20) . where
so that P is real and positive.
Though the equations in (20) take the same form as in (18) , they correspond to different sign choices for c 0 , and therefore (18) and (20) must be considered to be belonging to different branches of solutions.
In Fig.1 we present the isothermal plots of the EOS. Each isotherm can be divided into two branches, i.e. the upper branch and the lower one. In the upper branch, each isotherm is further subdivided into two segments, with the curve marked A denoting the boundary between the two segments. The vertical slashed line corresponds to c 0 = 0 or V = 2/9, which is the maximal thermodynamical volume that the black holes can take at any permissible temperatures. It can be clearly seen that one can only take one branch of solution at a time, otherwise isotherms at different temperatures could intersect each other (which is physically implausible). The criticalities studied in [32] are associated with the lower branch (20) with c 0 > 0. In this paper, however, in order to take the black hole as a stable working media for the heat engines, we will be concentrated in the case c 0 < 0.
The above discussions have revealed that the thermodynamics for the spherical black holes in conformal gravity is quite exotic in that the isotherms are branched and that the thermodynamic volume is bounded from above. Now let us have a further look at the exoticness by examining the so-called reverse isoperimetric inequality (RII).
The thermodynamical volume for black holes is conjectured to satisfy the RII [42] R
where A is the horizon area, and A D−2 is the area of a unit (D − 2)-dimensional sphere. This inequality indicates that the spherical boundary minimizes surface area for a given volume. However, some recent works revealed that there exist some black holes which violate the RII, examples of such black holes include the rotating AdS black hole in ultra-spinning limit [43] and Lifshitz black holes [44] . These black holes are known as super-entropic.
In conformal gravity, the thermodynamical volume is not a monotonic function of the horizon radius. It depends not only on r 0 but also on the temperature T . This is the principal difference between the spherical solution (2) for conformal gravity and those for other theories of gravity. Now let us check whether the RII holds in conformal gravity. In our case, D = 4, A = 4πr 2 0 and A 2 = 4π. Inserting these values into (21) and using the expressions of V in (17), we get
It is easy to find that the equation R = 0 in this case always has a real positive solution
, which indicates the breakdown of the RII. If the expressions of V in (18) or (20) are used instead, we would have, either
Eq. (23), which arises from using (18) , still corresponds to c 0 < 0. The break down of the RII in this branch has already been argued above. Eq. (24) corresponds to c 0 > 0. In this branch, we may evaluate R at the largest possible value of r 0 , i.e. r 0 = 1/ √ 1 + 4πT , yielding
It can be shown that R is monotonically decreasing with r 0 . Therefore, if R 0 in (25) obeys R 0 ≥ 1, then we will have R ≥ 1 for any allowed r 0 . A straightforward numeric check indicates that when T > 0.4840, we will indeed have R 0 > 1. Therefore, in the branch c 0 > 0, the RII can be holding when T > 0.4840 and it may be broken otherwise.
In conclusion, the solution (2) for conformal gravity can be super-entropic in the branch c 0 > 0 in certain range of temperatures and is always super-entropic in the branch c 0 < 0.
Heat engines in the upper branch
As advocated earlier, what we would like to do is to study the heat engine associated with the extended phase space thermodynamics of the black hole solution (2) . Effectively we would take the black hole as working media, analyze the efficiencies for several kinds of heat engines and study various impact factors that can affect the working efficiencies. For this purposes it is preferable to consider only the upper branch of the EOS. Moreover, to avoid the overwhelming complexities that may be caused by passing from the parametric EOS (17) to (18), we will consider only the heat engines whose working cycles resides solely to the left of the curve A as shown in Fig.1 . The types of heat engines to be considered include Carnot, Stirling and rectangular engines.
Carnot engine
Each heat engine corresponds to a cyclic process in the P − V plane. For the Carnot engine, the cyclic process is consisted of two isothermal and two adiabatic segments. Since the heat flow does not take place along the adiabatic paths, the heat engine is reversible.
To actually construct a Carnot engine in conformal gravity, we need to identify the equation for the adiabats. According to (11), we have
Inserting the above equation and (10) into (8), the entropy becomes
Adiabatic process obeys dS = 0. Using (27) one can get the following differential equation
from which it follows that in the adiabatic process r 0 and V are linked to each other via
where C is an integration constant. Inserting this result into (16) and replacing d with V using (10), we get the equation for the adiabats
Finally, using (8), (10) and (30), we find that the entropy along each adiabat is characterized solely by the constant C,
Clearly, the non-negativity of the entropy requires C ≥ −2.
Figure 2: Carnot cycle: 1 → 2 and 4 → 3 represents two isotherms at with temperatures T 1 = T 2 = 2.0000 and T 4 = T 3 = 1.5000 respectively, 1 → 4 and 2 → 3 are two adiabats corresponding to C 1 = C 4 = 4.0000 and C 2 = C 3 = 4.5000 respectively.
In Fig.2 and Table 1 , we give an example for the Carnot engine. The isotherms 1 → 2 and 4 → 3 correspond to T = 2.0000 and T = 1.5000, and the adiabats 1 → 4 and 2 → 3 correspond to C = 4.0000 and C = 4.5000, respectively. Using (17) and (30), we can calculate the heat transferred at each stage of the cyclic process 1 → 2 → 3 → 4 → 1 numerically. The heat transferred along the isotherms 1 → 2 and 3 → 4 are given respectively as
On each adiabats, the entropy is fixed, so S 1 = S 4 and S 2 = S 3 , the efficiency becomes
which depends only on the two working temperatures, as expected. The thermodynamical parameters and functions of states at each corner of the Carnot cycle are listed in Table 1 .
Stirling Heat engine
Unlike the Carnot cycle which consists of two isotherms and two adiabats, the Stirling cycle is consisted of two isotherms and two isochors. For usual static black holes in Table 1 : Thermodynamical parameters and functions of states for the Carnot cycle described in Fig.2 .
Einstein gravity, the entropy depends solely on the thermodynamical volume V , hence the adiabats are also isochors, and Carnot engines are simultaneously Stirling eingines. However, in conformal gravity, T and V are independent variables and the entropy depends also on both of them, as can be seen in eq.(27) (r 0 in (27) can be seen as a function of V and T , thanks to the EOS (17)). This is among the major differences between the extended phase space thermodynamics for conformal gravity and that for Einstein gravity.
During a Stirling cycle, the heat transfer also takes place along the isochoric paths. It is essential to calculate the heat Q = T dS at constant V . In order to do so, we need to write the temperature T and the entropy S as functions of V and r 0 .
Inserting (16) and (10) into (7), we obtain the temperature as a function of V and
Similarly the entropy can be rewritten as
Then the heat transferred at constant V is the integral of the following equation,
In Fig.3 and Table 2 we give an example of Stirling engine, where T 1 = T 2 = 1.50, T 4 = T 3 = 1.00, and V 1 = V 4 = 0.05, V 2 = V 3 = 0.20. In order to calculate the heat transferred during the isochoric process, we need to integrate (37) from one temperature (say, T 1 ) to another (e.g. T 4 ), keeping V fixed. For this to be done, we need to reexpress r 0 as a function of T and V using the EOS (17) . This can be done analytically, but the expressions are not worth quoting. We will directly apply a numerical method to calculate the heat. All the thermodynamic parameters and functions of states are listed in Table 2 . On the isotherms 1 → 2 and 3 → 4, the heat transferred are given by
On the other hand, the heat transferred during 2 → 3 and 4 → 2 are, respectively,
Here (r 0 ) k represents the value of r 0 at the marked point k, which is determined via the EOS (17). Table 2 : Thermodynamic parameters and functions of states for the Stirling cycle described in Fig. 3 .
The efficiency of the Stirling engine can be calculated as
For comparison, the Carnot engine working between the same two temperatures T 1 and T 4 has the efficiency So we have
which is consistent with the fact that the Carnot efficiency η C is the maximum efficiency that any heat engine can have at the prescribed working temperatures T 1 and T 4 .
Fixing the values of T 1 , T 4 and V 2 , we can explore the dependence of the Stirling efficiency on V 1 . In Fig.4 we present the plot of η/η C as a function of V 1 . We find that the ratio η/η C achieves its maximal value η/η C ≃ 0.8908 as V 1 → 0. When V 1 becomes larger, the efficiency decreases. It approaches 0 when V 1 gets close to V 2 . This is very different from the RN-AdS black holes in Einstein gravity, for which the Stirling engine coincides with the Carnot engine, so that the efficiency is always η C no matter how narrow the cycle is. In conformal gravity , the efficiency of Stirling engine depends on the specific circle. When the cycle becomes narrow, the efficiency decreases.
Rectangular heat engine
Now we study the rectangular engine whose working cycle is composed of two isobars and two isochors. On the P − V plane, this working cycle is represented by a rectangle, thus the name rectangular engine. The work done through this cycle is exactly the area of the rectangle. It can be used as the seed of an algorithm to build heat engine with arbitrary shape. In [38, 39] , a triangular cycle and circular cycle were presented as examples.
The heat transferred along the isochors has been investigated in the last subsection. It remains to calculate heat transferred in isobaric processes. For this purposes, the temperature T and the entropy S must be rewritten as functions of P and r 0 . This can be done by combined use of (8), (14), (15) and (17) , however the result is again branched. The first branch of solution is
where the black hole radius r 0 satisfies 2 1+4πT
. The second one is
where r 0 satisfies
For a rectangular heat engine, if we specify the temperature T 2 , T 4 and the thermodynamic volume V 2 , V 4 , the rectangle is uniquely determined, and the pressure P 1 = P 2 and P 4 = P 3 can be computed directly. A novel kind of complexities that is not seen in the former two kinds of heat engines arises due to the above branching of solutions. During a working cycle, the rectangular engine may/may not get across the border curve B defined by the implicit function r 0 = 2 √ 1+16πT in either an isobaric or an isochoric process, so, we need to consider several different cases. In Fig.5 and Table 3 we give an example for this kind of heat engine. Here we take T 2 = 1.5000, T 4 = 1.0000, V 2 = 0.2000, and V 4 = 0.1000. T 2 and T 4 are respectively the lowest and highest temperatures that the engine can attain during a working cycle. Table 3 : Thermodynamic parameters and functions of states for the rectanglar cycle described in Fig.5 Two isobars 1 → 5 → 2, 4 → 6 → 3 and two isochors 1 → 4, 2 → 3 constitute the whole rectanglar cycle. Using (45) , the heat transferred in the isobaric processes 1 → 5 and 6 → 4 are calculated to be
On the other hand, using (46), the heat transferred in the processes 5 → 2 and 3 → 6 are obtained, yielding
T (P 1 , r 0 )dS(P 1 , r 0 ) = 0.0267,
T (P 4 , r 0 )dS(P 4 , r 0 ) = −0.0504.
Moreover, the heat transferred during the isochoric processes 2 → 3 and 4 → 1 are respectively
We can check that the total work done in one rectangular cycle is precisely the area of the rectangle,
The efficiency of the rectangular engine is then given by
The rectangular engine does not work at constant temperature at any stage of the cycle. In order to make comparison between the efficiency of rectangular engines and that of the Carnot engines, we take a Carnot engine which works between the temperatures T 2 and T 4 (the maximum and the minimum temperatures during a rectangular cycle), which has the efficiency
So we have η η C = 0.3863, indicating that the rectangular engine is much inefficient than the Carnot engine. Now let us vary V 4 while keeping T 2 , V 2 and T 4 fixed. In Fig.6 we depict the dependence of the efficiency of the rectangular engine on V 4 . The ratio η/η C goes to zero at two distinct points. The first one is at V 4 ≃ 0.0333, which corresponds to P 4 → P 1 . The second one corresponds to V 4 → V 2 = 0.2000. In both cases, the rectangular cycles become extremely narrow, which means the net work done during one cycle goes to zero. Notice that in static spacetimes where the Carnot engine and Stirling engine coincide, the efficiency of the rectangular engines approaches the Carnot efficiency at leading order as V 4 → V 2 . In conformal gravity, the efficiency goes to zero. This happens because heat transfer occurs also on the isochors. There is an extreme value of η/η C which depends on the concrete choice of the engine.
In Fig.7 the cases of two other possible choices of V 2 and V 4 are presented. On the left plot, we set V 2 = 0.1920 and V 4 = 0.1000. In this case only the isobaric process 3 → 6 → 4 intersects with the curve B. Since the thermodynamical volume V does not suffer from the second branching represented by the curve B, we can safely ignore the intersection between the isochoric process 2 → 3 with the curve B. On the right plot, we set V 2 = 0.1500 and V 4 = 0.0800. In this case the whole rectangle is located to the left of the curve B, so there is no need to consider the complexities arising from the second level of the branching. Fixing the states 2 in both cases and varying the state 4 along the lower isotherm, one gets the plots of η/η C as functions of V 4 . These are presented in Fig.8 . It can be seen that is all cases there is an maximum for η/η C . 
Summary
In this paper, we investigate the extended phase space thermodynamics and heat engine construction in four dimensional conformal gravity. Although conformal gravity is an attractive model of gravity in four dimensions, its thermodynamics is very different from Einstein gravity. The EOS for the AdS black hole in conformal gravity is always branched, and any process which drives the system from one branch to the other is thermodynamically prohibited. The thermodynamical volume is bounded from above, and the black hole is always super-entropic in one branch and can be super-entropic in the other branch at certain range of temperature. Because of these exotic behaviors, it is particularly interesting to see what happens if we build heat engines in the P − V plane.
We consider three interesting kinds of heat engines, Carnot engine, Stirling engine and rectangle engine. For usual static black hole solutions, such as RN AdS black hole, the entropy depends solely on the thermodynamical volume V . Adiabatic and isochoric paths coincide, hence the Carnot engine and Stirling engine are identical. Since there is no heat flow along the isochoric paths, the efficiency of rectangle engine always approaches Carnot efficiency η C as V 1 → V 2 . However, in conformal gravity, the T and V are independent variables and the entropy depends on both of them. Because heat flows also take place during the isochoric paths, the Carnot and Stirling engines do not coincide. We obtain the adiabatic curves and build the Carnot engine in the P − V plane, which gives exactly the η C . For the Stirling engine, the efficiency is always smaller than η C . When the circle of Stirling engine becomes narrow, the efficiency decreases. For the rectangle engine, if we make the cycle extremely narrow, the efficiency approaches zero. There is an extreme value of η/η C which depends on the concrete choice of the engine.
Notes added. Recently, the authors of [45] developed a new method to calculate the heat flows on the rectangular heat engine. Instead of calculating T dS directly, they applied the first law of black hole thermodynamics. The heat flow on the isobar 1 → 2 can be obtained as
while the heat flow on the isochore 2 → 3 is
where H k represents the value of enthalpy H at the marked point k. We can also calculate the heat flows on 3 → 4 and 4 → 1 similarly, hence the efficiency η can be obtained. For example, in the rectangular heat engine of Fig.5 , we have H 1 = 0.5859, H 2 = 1.2294, H 3 = 0.8489 and H 4 = 0.3957. One can check the methods in [45] and current paper give the same result.
